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Abstract. The application to the two series of classicaltwistedaffine Kac–Moody algebrasA(2)`
(for ` > 2) andD(2)

` (for ` > 3) of the matrix formulation of automorphisms developed earlier for
untwistedaffine Kac–Moody algebras is investigated. The conjugacy classes of involutive auto-
morphisms and the corresponding real forms are deduced explicitly for the special case ofA

(2)
2 .

1. Introduction

A comprehensive method of dealing with all the automorphisms of anuntwistedaffine Kac–
Moody algebra based on a matrix formulation of the untwisted affine Kac–Moody algebras
has been developed by Cornwell [1]. The aim of this paper is to demonstrate how this
method applies to the two great series of classicaltwisted affine Kac–Moody algebrasA(2)`
(for ` > 2) andD(2)

` (for ` > 3). The simplest case,A(2)2 , will be treated in detail.
As is well known, the study of the involutive automorphisms of complex semi-simple

Lie algebras by Gantmacher [2] allowed Gantmacher [3] to obtain a very elegant systematic
determination of all the simple real Lie algebras. As the situation for the affine Kac–Moody
algebras is similar, the determination the conjugacy classes of the group of automorphisms
of these algebras will yield their real forms. This will be done explicitly here forA

(2)
2 .

In addition, there are also significant implications for the Virasoro algebra and
conformal field theory through the Sugawara construction. The part played by Kac–Moody
automorphisms in this context has been described, for example, by Bernard [4], Walton [5],
Bouwknegt [6], and Font [7].

In a set of previous papers, Cornwell [8–10] and Clarke and Cornwell [11, 12] have
discussed in detail the conjugacy classes of the involutive automorphisms of the four series
of untwisted algebrasA(1)` , B(1)` , C(1)` , andD(1)

` . (It is interesting that the recent Sakate
diagram method of Pati and Parashar [13] produces results in complete agreement with
these for the two cases of A(1)1 and A(1)2 that they have studied in detail.)

The complex affine Kac–Moody algebras have structures that are now very well
established. For reviews see Kac [14], Goddard and Olive [15, 16], and Cornwell [17].
Unless otherwise stated all the notations and conventions that will be employed in this
paper are those of the latter reference. In particular, quantities belonging to the simple
complex Lie algebraL̃0 associated with an untwisted affine Kac–Moody algebraL̃(1) are
distinguished from the corresponding quantities belonging toL̃(1) by a superscript 0, so
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9704 S P Clarke and J F Cornwell

that, for example,α is the linear functional on the Cartan subalgebraH of L̃(1) that is the
extension of the linear functionalα0 on the Cartan subalgebraH0 of L̃0.

The organization of this paper is as follows. In section 2 the essential facts
concerning the construction of untwisted and twisted affine Kac–Moody algebras are briefly
summarized, and it is shown that for the elements ofA

(2)
` (for ` > 2) andD(2)

` (for ` > 3)
a special condition (14) always holds. The relevant features of the matrix formulation of
automorphisms of untwisted affine Kac–Moody algebras are then succinctly presented in
section 3, where it is shown that the condition (14) plays a vital role in the extension of this
method toA(2)` (for ` > 2) andD(2)

` (for ` > 3). Finally, in section 4, after presenting the
explicit basis elements ofA(2)2 , the resulting conjugacy classes of involutive automorphisms
of A(2)2 and the corresponding real forms ofA(2)2 are derived.

2. The structure of affine Kac–Moody algebras

2.1. Untwisted affine Kac–Moody algebras

Every complexuntwisted affine Kac–Moody algebraL̃(1) can be constructed from its
corresponding simple complex Lie algebraL̃0 (assumed to be of rank̀0) by the following
well known construction [14–17] in which̃L(1) may be taken to have a general element of
the form

∞∑
j=−∞

n0∑
r=1

µjr t
j ⊗ a0

r + µcc + µdd (1)

whereµjr , µc, andµd are arbitrary complex numbers, with only a finite number of theµjr

being non-zero. Herej takes any integer value,a0
r are the basis elements of̃L0 (where

r = 1, 2, . . . , n0, n0 being the order ofL̃0), and wheret is a complex number. The
commutators ofL̃(1) are given by

[t j ⊗ a0, tk ⊗ b0] = t j+k ⊗ [a0, b0] + jδj+k,0B0(a0, b0)c (2)

(for all integersj andk and alla0, b0 ∈ L̃0, where the commutators and Killing formB0( , )
of the right-hand side of (2) are those ofL̃0),

[t j ⊗ a0, c] = 0 (3)

(for all integersj and alla0 ∈ L̃0),

[d, tj ⊗ a0] = j tj ⊗ a0 (4)

(for all integersj and alla0 ∈ L̃0), and

[d, c] = 0. (5)

If h0
α0
k

(for k = 1, 2, . . . , `0) are the Weyl basis elements of the Cartan subalgebraH0 of

L̃0 corresponding to the simple rootsα0
k (for k = 1, 2, . . . , `0) of L̃0, then thè 0+ 2 basis

elementsc, d, andt0⊗ h0
α0
k

(for k = 1, 2, . . . , `0) constitute a basis for a Cartan subalgebra

H of L̃(1).
Every linear function, and, in particular, every root,α0 that is defined onH0 can be

‘extended’ to give a linear functionalα onH by the definitions

α(t0⊗ h0
α0
k

) = α0(h0
α0
k

) (for k = 1, 2, . . . , `0) α(c) = 0, α(d) = 0. (6)
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Moreover, if δ is the linear functional onH defined by

δ(t0⊗ h0
α0
k

) = 0 (for k = 1, 2, . . . , `0) δ(c) = 0, δ(d) = 1 (7)

then, for every integer value ofj , t j ⊗ e0
α0 corresponds to a rootjδ + α of L̃ and t j ⊗ h0

α0
k

corresponds to a rootjδ of L̃ (for k = 1, 2, . . . , `0). Moreover, fork = 1, 2, . . . , `0 the
simple rootsαk of L̃(1) are just the extensions of the simple rootsα0

k of L̃0 and the remaining
simple rootα0 of L̃(1) is given byα0 = δ − αH , whereαH is the extension of the highest
root α0

H of L̃0.
The compact real form̃L(1)c of L̃(1) can be taken to have the basis elements:

ic, id, ihαk (k = 1, 2, . . . , `0)

eα + e−α i(eα − e−α) (α ∈ 10
+)

ekjδ + ek−jδ i(ekjδ − ek−jδ) (k = 1, 2, . . . , `0; j = ±1,±2, . . .)

ejδ+α + e−(jδ+α) i(ejδ+α − e(jδ+α)) (α ∈ 10; j = 1, 2, . . .).

(8)

Here

hαk = t0⊗ h0
α0
k

ejδ+α = t j ⊗ e0
α0 ekjδ = it j ⊗ h0

α0
k

. (9)

Let Γ be a faithful irreducible representation of some dimensiondΓ of L̃0. Then the
first term

∑∞
j=−∞

∑n0

r=1µjr t
j ⊗ a0

r of the general element (1) of the affine untwisted Kac–

Moody algebraL̃(1) is represented by thedΓ × dΓ matrix
∑∞
j=−∞

∑n0

r=1µjr t
jΓ(a0

r ). A
typical matrix of this form will be denoted bya(t), i.e.

a(t) =
∞∑

j=−∞

n0∑
r=1

µjr t
jΓ(a0

r ). (10)

Clearly all the entries ofa(t) are Laurent polynomials in the complex variablet . A typical
element ofL̃ can then be written as

a(t)+ µcc + µdd. (11)

(Of course inno sense do the+ signs in (11) represent ordinary matrix addition.)

2.2. Construction of the complex twisted affine Kac–Moody algebras

The following construction oftwisted affine Kac–Moody algebras from untwisted affine
Kac–Moody algebras is also well known [14–17]. Suppose thatL̃0 is a simple complex
Lie algebra that possesses anouter automorphism, and let̃L(1) be the untwisted affine
Kac–Moody algebra constructed from̃L0 by the procedure of the previous subsection. (The
only possible choices of̃L0 areA

`0 (for `0 > 2), D
`0 (for `0 > 3), andE6.) Let τ be a

‘rotation’ of the set of roots10 of L̃0 and letψτ be the corresponding outer automorphism
of L̃0. For all of theseL̃0 (exceptL̃0 = D4) there is only one non-trivialτ , and this satisfies
τ(τ (αk)) = αk for k = 1, 2, . . . , `0. For example, forA

`0 (for `0 > 2), τ(αk) = α`0+1−k
for k = 1, 2, . . . , `0. For L̃0 = D4 there are a number of such two-fold rotations, but
there are also rotations for whichτ(τ (τ (αk))) = αk for k = 1, 2, 3, 4. The situation may
be summarized by the statement thatτ q = 1, whereq = 2 or 3, the latter occurring
only for the three-fold rotations ofD4. For the corresponding outer automorphisms ofL̃0,
(ψτ )

q = 1, implying thatψτ hasq different eigenvalues, namely e2π ip/q for p = 0, . . . , q−1.
The elements ofL̃0 may be arranged as eigenvectors ofψτ . Let L̃0(q)

p be the eigenspace
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corresponding to eigenvalue e2π ip/q , and letn0
p be its dimension. Thena ∈ L̃0(q)

p if a ∈ L̃0

andψτ (a) = e2π ip/qa.
Consider the subalgebrãL(q) of L̃(1) that consists of all complex linear combinations of

c, d, and, for eachp = 0, . . . , q − 1, of t j ⊗ a0
pr for all basis elementsa0

pr of L̃0(q)
p and all

integersj such thatj mod q = p. This may be succinctly expressed as

L̃(q) = (Cc)⊕ (Cd)⊕
q−1∑
p=0

∑
j,j modq=p

tj ⊗ L̃0(q)
p . (12)

It is easily shown thatL̃(q) (for q = 2 or 3) is a twisted affine Kac–Moody algebra.

2.3. The classical twisted affine Kac–Moody algebrasA
(2)
` (for ` > 2) andD(2)

` (for ` > 3)

Now consider the situation in which the twisted affine Kac–Moody algebra isA
(2)
` (for

` > 2) or D(2)
` (for ` > 3), which together give the complete set of classical examples of

L̃(q) with q = 2. In terms of the faithful irreducible representationΓ of dimensiondΓ of
L̃0 introduced in the previous subsection, a general term ofL̃(2) of the form

∞∑
j=−∞,j even

n0
0∑

r=1

µj0r t
j ⊗ a0

0r +
∞∑

j=−∞,j odd

n0
1∑

r=1

µj1r t
j ⊗ a0

1r

is represented by thedΓ × dΓ matrix

a(t) =
∞∑

j=−∞,j even

n0
0∑

r=1

µj0r t
jΓ(a0

0r )+
∞∑

j=−∞,j odd

n0
1∑

r=1

µj1r t
jΓ(a0

1r ). (13)

All the entries ofa(t) are Laurent polynomials in the complex variablet . The analysis that
follows depends on the crucial observation that there exists adΓ × dΓ matrix d with the
property that forevery matrix a(t) of the form (13)

a(t) = −dã(−t)d−1. (14)

The proof that such a matrixd exists is as follows. As is well known, the Cartan
involution ψC of the corresponding simple Lie algebrãL0, defined byψC(h0) = −h0 for
all h0 ∈ H0 andψC(e0

α0) = e0
−α0 for every rootα0 of L̃0, is an outer automorphism of̃L0.

However, the representationΓ of L̃0 can always be chosen so thatΓ(h0) is a real diagonal
matrix (for all h0 ∈ H0) and theΓ(e0

α0) are real withΓ(e0
−α0) = −Γ̃(e0

α0) (for every rootα0

of L̃0). With this choice, the action ofψC is given by

ψC(Γ(a0)) = −Γ̃(a0) (15)

for all a0 ∈ L̃0. As (ψC)2 = 1 and (ψτ )2 = 1 (for q = 2), and as bothψC andψτ are
outer automorphisms of̃L0, it follows thatψτ must be the product ofψC with some inner
automorphismψi of L̃0. Suppose that this inner automorphismψi is generated by adΓ×dΓ

unitary matrixd, so that

ψi(Γ(a0)) = dΓ(a0)d−1 (16)

for all a0 ∈ L̃0. Combining (15) and (16) then gives

ψτ (Γ(a0)) = −dΓ̃(a0)d−1 (17)
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for all a0 ∈ L̃0, and hence

−dΓ̃(a0
kr )d

−1 =
{

Γ(a0
kr ) for k = 0

−Γ(a0
kr ) for k = 1

(18)

from which (14) follows immediately.
This argument also shows that a matrixa(t) of L̃(1) of the form (10) is a member of

L̃(2) if and only if it satisfies the condition (14).

3. Matrix formulation of the automorphisms of affine Kac–Moody algebras

In the case of anuntwistedaffine Kac–Moody algebrãL(1) the matrix formulation of the
automorphisms may be summarized in the following way [1]. LetΓ be a faithful irreducible
representation of dimensiondΓ of L̃0, and letγ be the Dynkin index ofΓ. Then a typical
element ofL̃ can then be written as in (11). Each of the four types (1a, 1b, 2a, and 2b) of
automorphism ofL̃(1) depends on the following three quantities (although the dependence
is different for the different types):

(1) adΓ×dΓ matrix U(t), which is assumed to be invertible and for which all the entries
of U(t) andU(t)−1 are assumed to be Laurent polynomials in the complex variablet ;

(2) a non-zero complex parameteru;
(3) an arbitrary complex parameterξ .

The precise actions of such automorphisms are as follows.
(1) Actions ona(t):

φ(a(t)) = U(t)2(a(ut))U(t)−1+ 1

γ
Res

{
tr

(
U(t)−1 dU(t)

dt
2(a(t))

)}
c (19)

where

2(a(t)) =


a(ut) for type 1a

−ã(ut) for type 1b

a(ut−1) for type 2a

−ã(ut−1) for type 2b.

(20)

(2) Actions onc andd:

φ(c) = µc (21)

and

φ(d) = µΦ(U(t))+ ξc + µd (22)

whereΦ(U(t)) is thedΓ × dΓ matrix that depends onU(t) according to the definition

Φ(U(t)) =
{
−t dU(t)

dt
U(t)−1+ 1

dΓ
tr

(
t
dU(t)

dt
U(t)−1

)
1
}

(23)

and

µ =
{

1 for type 1a and 1b

−1 for type 2a and 2b.
(24)

If the triples {U(t), u, ξ} and {U′(t), u′, ξ ′} specify two automorphisms of̃L(1) of the
sametype, then these automorphisms ofL̃(1) are identical if and only if

u′ = u ξ ′ = ξ (25)
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and there exists a non-zero complex numberη and an integerk such that

U′(t) = ηtkU(t). (26)

It is believed that the matrix formulation covers all the automorphisms, but this
remains to be proved. Certainly the matrix formulation includes as special cases all the
known ‘abstract’ examples of automorphisms, such as the Cartan involution and those
associated with Dynkin diagram rotations and Weyl reflections [8–10]. Moreover, related
investigations using other methods, such as the work of Pati and Parashar [13] mentioned in
the introduction, have provided results that are in complete accord with those of the matrix
formulation. In practical terms, the method is best suited to the affine Kac–Moody algebras
based on theclassical simple Lie algebras, as the faithful irreducible representations of the
exceptionalsimple Lie algebras are so difficult to employ, not least because of the high
dimensions.

Turning now to the situation for thetwisted affine Kac–Moody algebras̃L(2), where
L̃(2) is A(2)` (for ` > 2) orD(2)

` (for ` > 3), the first point to note is that̃L(2) is a subalgebra
of L̃(1). Correspondingly, the matricesa(t) of (10) must be restricted to have the form
(13), which, as noted previously, satisfy the constraint (14). This has the following very
important consequences.

(1) An automorphism ofL̃(1) as described above acts as an automorphism ofL̃(2) for
matricesa(t) that satisfy (10) if and only if

b(t) = −db̃(−t)d−1 (27)

where

b(t) = U(t)2(a(t))U(t)−1. (28)

(2) It follows from (14) and (19) that for each of the algebrasA(2)` (for ` > 2) andD(2)
`

(for ` > 3) the type 1b automorphismψ associated with the triple{d,−1, 0} also acts as
the identity automorphism.

(3) As noted in section 4.2 of Cornwell [1], ifφ1 and φ2 are type 1b and type 1a
automorphisms corresponding to the triples{U1(t), u1, ξ1} and {U2(t), u2, ξ2} respectively,
thenφ1 ◦ φ2 is a type 1b automorphism corresponding to the triple{U(t), u, ξ}, where

U(t) = U1(t)Ũ2(u1t)
−1 (29)

u = u1u2 (30)

and

ξ = ξ1+ ξ2− 1

γ
Res

{
tr

(
U1(t)

−1 dU1(t)

dt
Φ̃(U2(u1t))

)}
(31)

and whereΦ(U(t)) is defined in (23). Consequently, wheñL(2) is A(2)` (for ` > 2) orD(2)
`

(for ` > 3), on takingφ1 to be the identity automorphismψ of the previous note, it follows
that every type 1b automorphism of̃L(2) is identical to some type 1a automorphism ofL̃(2)
and vice versa.

(4) Similarly [1], if φ1 andφ2 are type 1b and type 2a automorphisms corresponding
to the triples{U1(t), u1, ξ1} and {U2(t), u2, ξ2} respectively, thenφ1 ◦ φ2 is a type 2b
automorphism corresponding to the triple{U(t), u, ξ}, whereU(t) and ξ are again given
by (29) and (31), but where nowu = u−1

1 u2. Consequently, on again takingφ1 to be the
identity automorphismψ , it follows thatevery type 2b automorphism of̃L(2) is identical to
some type 2a automorphism of̃L(2) and vice versa. (HereL̃(2) is againA(2)` (for ` > 2) or
D
(2)
` (for ` > 3).)
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The last two observations imply that forA(2)` (for ` > 2) andD(2)
` (for ` > 3) it is

unnecessary to consider the type 1b and type 2b automorphisms any further, and that it is
sufficient to confine attention to the type 1a and type 2a automorphisms. For these, the
condition (28), taken with Schur’s lemma and the requirement that the entries inU(t) are
all Laurent polynomials, implies that

dŨ(−t)d−1U(t) = λtµ1 (32)

whereλ ∈ C andµ is an integer. When taken with a requirement that theU(t) matrices
correspond to Cartan preserving automorphisms, this imposes a severe constraint on the
possible matricesU(t). Clearly both1 andd provide possibleU(t) matrices that satisfy (32),
and is interesting that in the case ofA(2)2 (which is considered in detail in section 4) these
two solutions actually provide the representatives ofevery conjugacy class of involutive
automorphism.

A type 1a automorphism corresponding to the triple{U(t), u, ξ} is involutive if and only
if the following three conditions are all satisfied:

U(t)U(ut) = ηtk1 (33)

for some complex numberη and some integerk,

u2 = 1 (34)

and

ξ = − 1

2γ
Res

{
tr

(
U(t)−1 dU(t)

dt
Φ(U(ut))

)}
. (35)

Similarly a type 2a automorphism corresponding to the triple{U(t), u, ξ} is involutive if
and only if the following two conditions are all satisfied:

U(t)U(ut−1) = ηtk1 (36)

for some complex numberη and some integerk, and

ξ = − 1

2γ
Res

{
tr

(
U(t)−1 dU(t)

dt
Φ(U(ut−1))

)}
. (37)

The necessary and sufficient conditions for the conjugacy of a pair of automorphisms
φ1 andφ2 of L̃ corresponding to the triples{U1(t), u1, ξ1} and {U2(t), u2, ξ2} respectively
have been given by Cornwell [1]. Although they are essential in the detailed analysis,
they are not necessary for understanding the results that emerge and which are given in
subsequent sections, and so they will be omitted here. They do imply that in searching for
the conjugacy classes of involutive automorphisms ofA

(2)
` (for ` > 2) andD(2)

` (for ` > 3)
only three categories of class representatives need be considered, namely:

(1) type 1a involutive automorphisms withu = 1,
(2) type 1a involutive automorphisms withu = −1,
(3) type 2a involutive automorphisms withu = 1.
These considerations will be illustrated in the next section by examining in detail the

the affine Kac–Moody algebraA(2)2 .
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4. Real forms and conjugacy classes of involutive automorphisms of the affine
Kac–Moody algebraA(2)

2

4.1. The twisted affine Kac–Moody algebraA(2)
2

For L̃0 = A2, τ(α0
1) = α0

2 andτ(α0
2) = α0

1, and

ψτ (h
0
α0

1
) = h0

α0
2

ψτ (h
0
α0

2
) = h0

α0
1

ψτ (e
0
α0

1
) = e0

α0
2

ψτ (e
0
α0

2
) = e0

α0
1

ψτ (e
0
α0

1+α0
2
) = −e0

α0
1+α0

2

ψτ (e
0
−α0

1
) = e0

−α0
2

ψτ (e
0
−α0

2
) = e0

−α0
1

ψτ (e
0
−(α0

1+α0
2)
) = −e0

−(α0
1+α0

2)
.

(38)

(See, for example, Cornwell [17] for details.) ConsequentlyL̃0(2)
0 has basis elements

h0
α0

1
+ h0

α0
2

e0
α0

1
+ e0

α0
2

e0
−α0

1
+ e0
−α0

2
(39)

whereas the subspacẽL0(2)
1 has basis elements

h0
α0

1
− h0

α0
2

e0
α0

1
− e0

α0
2

e0
−α0

1
− e0
−α0

2
e0
α0

1+α0
2

e0
−(α0

1+α0
2)
. (40)

Thus, by (12),A(2)2 has basis elements:

c, d

tj ⊗ (h0
α0

1
+ h0

α0
2
) tj ⊗ (e0

α0
1
+ e0

α0
2
) tj ⊗ (e0

−α0
1
+ e0
−α0

2
) for j even

t j ⊗ (h0
α0

1
− h0

α0
2
) tj ⊗ (e0

α0
1
− e0

α0
2
) tj ⊗ (e0

−α0
1
− e0
−α0

2
) for j odd

t j ⊗ e0
α0

1+α0
2

t j ⊗ e0
−(α0

1+α0
2)

for j odd.

(41)

That is, by (9),A(2)2 has basis elements:

c, d, hα1 + hα2

(e1
jδ + e2

jδ) for j = ±2,±4, . . .

(ejδ+α1 + ejδ+α2) (ejδ−α1 + ejδ−α2) for j = 0,±2,±4, . . .

(e1
jδ − e2

jδ) (ejδ+α1 − ejδ+α2) (ejδ−α1 − ejδ−α2) for j = ±1,±3, . . .

ejδ+α1+α2 ejδ−α1−α2 for j = ±1,±3, . . . .

(42)

Let Γ be the three-dimensional irreducible representation ofA2 in which

Γ(h0
α0

1
) = h0

α0
1
= 1

6(e11− e22) Γ(h0
α0

2
) = h0

α0
2
= 1

6(e22− e33)

Γ(e0
α0

1
) = e0

α0
1
= ( 1

6)
1
2 e12 Γ(e0

−α0
1
) = e0

−α0
1
= −( 1

6)
1
2 e21

Γ(e0
α0

2
) = e0

α0
2
= ( 1

6)
1
2 e23 Γ(e0

−α0
2
) = e0

−α0
2
= −( 1

6)
1
2 e32

Γ(e0
α0

1+α0
2
) = e0

α0
1+α0

2
= ( 1

6)
1
2 e13 Γ(e0

−(α0
1+α0

2)
) = e0

−(α0
1+α0

2)
= −( 1

6)
1
2 e31

(43)

whereejk are the 3× 3 matrices defined by(ejk)rs = δjrδks for j, k, r, s = 1, 2, 3. The
value of the Dynkin index of this representation is given byγ = 1

6. The explicit form of
the matrixd with the crucial property (14) is

d = d−1 = e13− e22+ e31. (44)
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The compact real formL̃(2)c of L̃(2) = A(2)2 may be taken to be the intersection ofL̃(1)c
with L̃(2), so its basis elements may be taken to be:

ic, id, i(hα1 + hα2), (eα1 + eα2 + e−α1 + e−α2), i(eα1 + eα2 − e−α1 − e−α2)

(e1
jδ + e2

jδ + e1
−jδ + e2

−jδ), i(e1
jδ + e2

jδ − e1
−jδ − e2

−jδ) for j = 2, 4, . . .

(ejδ+α1 + ejδ+α2 + e−jδ−α1 + e−jδ−α2)

i(ejδ+α1 + ejδ+α2 − e−jδ−α1 − e−jδ−α2)

}
for j = ±2, ±4, . . .

(e1
jδ − e2

jδ + e1
−jδ − e2

−jδ), i(e1
jδ − e2

jδ − e1
−jδ + e2

−jδ) for j = 1, 3, . . .

(ejδ+α1 − ejδ+α2 + e−jδ−α1 − e−jδ−α2)

i(ejδ+α1 − ejδ+α2 − e−jδ−α1 + e−jδ−α2)

(ejδ+α1+α2 + e−jδ−α1−α2), i(ejδ+α1+α2 − e−jδ−α1−α2)

 for j = ±1, ±3, . . . .

(45)

Suppose thatψ is an involutive automorphism of̃L(2), and hence ofL̃(2)c , so that the
only eigenvalues ofψ are±1. The basis elements of the corresponding real formL of L̃(2)
can then be constructed as follows: Ifa ∈ L̃(2)c is an eigenvector ofψ with eigenvalue+1,
thena ∈ L, whereas ifa ∈ L̃(2)c is an eigenvector ofψ with eigenvalue−1, then ia ∈ L.

4.2. Conjugacy classes of involutive automorphisms and real forms ofA
(2)
2

There are essentially two stages in determining the conjugacy classes ofA
(2)
2 in the matrix

formulation. The first is to find, for each type of automorphism, all the U(t) matrices
corresponding to Cartan preserving involutive automorphisms. This involves working
through all the root preserving transformations ofL̃0 in the manner described in detail
previously [8–11]. The second stage, which is rather more difficult, is to determine which
of the corresponding automorphisms ofL̃ are actually conjugate to each other, and which
are not. The long and detailed analysis that is involved will be omitted here, and so
only the results will be described. The basis elements of each real form are displayed as
eigenvectors of the corresponding involutive automorphism, thereby describing compactly
both the involutive automorphism and its real form in a single set of statements.

1. Type 1a involutive automorphisms withu = 1 and associated real forms ofA(2)
2

(i) The conjugacy class with representative given byU(t) = 13 andξ = 0 consists only of
the identity automorphism, for which the corresponding real form is the compact real
form of (45).

(ii) There exists a class of involutive automorphisms with representative given byU(t) = d
andξ = 0, whered is given by (44). For the associated real form the eigenvectors of
the corresponding involutive automorphismψ are:
(a) with eigenvalue+1:

1. ic, id, (eα1 + eα2 + e−α1 + e−α2);
2. (ejδ+α1 + ejδ+α2 + e−jδ−α1 + e−jδ−α2 + ejδ−α1 + ejδ−α2 + e−jδ+α1 + e−jδ+α2) and

i(ejδ+α1 + ejδ+α2 − e−jδ−α1 − e−jδ−α2 + ejδ−α1 + ejδ−α2 − e−jδ+α1 − e−jδ+α2) for
j = 2, 4, . . .;

3. (e1
jδ − e2

jδ + e1
−jδ − e2

−jδ) and i(e1
jδ − e2

jδ − e1
−jδ + e2

−jδ) for j = 1, 3, . . .;
4. (ejδ+α1 − ejδ+α2 + e−jδ−α1 − e−jδ−α2 − ejδ−α1 + ejδ−α2 − e−jδ+α1 + e−jδ+α2) and

i(ejδ+α1 − ejδ+α2 − e−jδ−α1 + e−jδ−α2 − ejδ−α1 + ejδ−α2 + e−jδ+α1 − e−jδ+α2) for
j = 1, 3, . . .;
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5. (ejδ+α1+α2 + e−jδ−α1−α2 − ejδ−α1−α2 − e−jδ+α1+α2) for j = 1, 3, . . .;
6. i(ejδ+α1+α2 − e−jδ−α1−α2 − ejδ−α1−α2 + e−jδ+α1+α2) for j = 1, 3, . . .;

(b) with eigenvalue−1:
1. (hα1 + hα2), (eα1 + eα2 − e−α1 − e−α2);
2. i(e1

jδ + e2
jδ + e1

−jδ + e2
−jδ) and(e1

jδ + e2
jδ − e1

−jδ − e2
−jδ) for j = 2, 4, . . .;

3. i(ejδ+α1 + ejδ+α2 + e−jδ−α1 + e−jδ−α2 − ejδ−α1 − ejδ−α2 − e−jδ+α1 − e−jδ+α2) and
(ejδ+α1 + ejδ+α2 − e−jδ−α1 − e−jδ−α2 − ejδ−α1 − ejδ−α2 + e−jδ+α1 + e−jδ+α2) for
j = 2, 4, . . .;

4. i(ejδ+α1 − ejδ+α2 + e−jδ−α1 − e−jδ−α2 + ejδ−α1 − ejδ−α2 + e−jδ+α1 − e−jδ+α2) and
(ejδ+α1 − ejδ+α2 − e−jδ−α1 + e−jδ−α2 + ejδ−α1 − ejδ−α2 − e−jδ+α1 + e−jδ+α2) for
j = 1, 3, . . .;

5. i(ejδ+α1+α2 + e−jδ−α1−α2 + ejδ−α1−α2 + e−jδ+α1+α2) for j = 1, 3, . . .;
6. (ejδ+α1+α2 − e−jδ−α1−α2 + ejδ−α1−α2 − e−jδ+α1+α2) for j = 1, 3, . . . .

2. Type 1a involutive automorphisms withu = −1 and associated real forms ofA(2)
2

There exists a class of involutive automorphisms with representative given byU(t) = 13

and ξ = 0. For the associated real form the eigenvectors of the corresponding involutive
automorphismψ are:

(i) with eigenvalue+1:

(a) ic, id, i(hα1 + hα2), (eα1 + eα2 + e−α1 + e−α2), i(eα1 + eα2 − e−α1 − e−α2);
(b) (e1

jδ + e2
jδ + e1

−jδ + e2
−jδ) and i(e1

jδ + e2
jδ − e1

−jδ − e2
−jδ) for j = 2, 4, . . .;

(c) (ejδ+α1 + ejδ+α2 + e−jδ−α1 + e−jδ−α2) and i(ejδ+α1 + ejδ+α2 − e−jδ−α1 − e−jδ−α2) for
j = ±2,±4, . . .;

(ii) with eigenvalue−1:

(a) i(e1
jδ − e2

jδ + e1
−jδ − e2

−jδ) and(e1
jδ − e2

jδ − e1
−jδ + e2

−jδ) for j = 1, 3, . . .;
(b) i(ejδ+α1 − ejδ+α2 + e−jδ−α1 − e−jδ−α2) and(ejδ+α1 − ejδ+α2 − e−jδ−α1 + e−jδ−α2) for

j = ±1,±3, . . .;
(c) i(ejδ+α1+α2 + e−jδ−α1−α2) and(ejδ+α1+α2 − e−jδ−α1−α2) for j = ±1,±3, . . . .

3. Type 2a involutive automorphisms withu = 1 and associated real forms ofA(2)
2

(i) There exists a class of involutive automorphisms with representative given byU(t) = 13

andξ = 0. For the associated real form the eigenvectors of the corresponding involutive
automorphismψ are:

(a) with eigenvalue+1:
1. i(hα1 + hα2), (eα1 + eα2 + e−α1 + e−α2), i(eα1 + eα2 − e−α1 − e−α2);
2. (e1

jδ + e2
jδ + e1

−jδ + e2
−jδ) for j = 2, 4, . . .;

3. (e1
jδ − e2

jδ + e1
−jδ − e2

−jδ) for j = 1, 3, . . .;
4. (ejδ+α1 + ejδ+α2 + e−jδ−α1 + e−jδ−α2 + ejδ−α1 + ejδ−α2 + e−jδ+α1 + e−jδ+α2) and

i(ejδ+α1 + ejδ+α2 − e−jδ−α1 − e−jδ−α2 − ejδ−α1 − ejδ−α2 + e−jδ+α1 + e−jδ+α2) for
j = 2, 4, . . .;

5. (ejδ+α1 − ejδ+α2 + e−jδ−α1 − e−jδ−α2 + ejδ−α1 − ejδ−α2 + e−jδ+α1 − e−jδ+α2) and
i(ejδ+α1 − ejδ+α2 − e−jδ−α1 + e−jδ−α2 − ejδ−α1 + ejδ−α2 + e−jδ+α1 − e−jδ+α2) for
j = 1, 3, . . .;

6. (ejδ+α1+α2 + e−jδ−α1−α2 + ejδ−α1−α2 + e−jδ+α1+α2) for j = 1, 3, . . .;
7. i(ejδ+α1+α2 − e−jδ−α1−α2 − ejδ−α1−α2 + e−jδ+α1+α2) for j = 1, 3, . . .;

(b) with eigenvalue−1:
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1. c, d;
2. (e1

jδ + e2
jδ − e1

−jδ − e2
−jδ) for j = 2, 4, . . .;

3. (e1
jδ − e2

jδ − e1
−jδ + e2

−jδ) for j = 1, 3, . . .;
4. i(ejδ+α1 + ejδ+α2 + e−jδ−α1 + e−jδ−α2 − ejδ−α1 − ejδ−α2 − e−jδ+α1 − e−jδ+α2) and
(ejδ+α1 + ejδ+α2 − e−jδ−α1 − e−jδ−α2 + ejδ−α1 + ejδ−α2 − e−jδ+α1 − e−jδ+α2) for
j = 2, 4, . . .;

5. i(ejδ+α1 − ejδ+α2 + e−jδ−α1 − e−jδ−α2 − ejδ−α1 + ejδ−α2 − e−jδ+α1 + e−jδ+α2) and
(ejδ+α1 − ejδ+α2 − e−jδ−α1 + e−jδ−α2 + ejδ−α1 − ejδ−α2 − e−jδ+α1 + e−jδ+α2) for
j = 1, 3, . . .;

6. i(ejδ+α1+α2 + e−jδ−α1−α2 − ejδ−α1−α2 − e−jδ+α1+α2) for j = 1, 3, . . .;
7. (ejδ+α1+α2 − e−jδ−α1−α2 + ejδ−α1−α2 − e−jδ+α1+α2) for j = 1, 3, . . ..

(ii) There exists a class of involutive automorphisms with representative given byU(t) = d
andξ = 0, whered is given by (44). For the associated real form the eigenvectors of
the corresponding involutive automorphismψ are:
(a) with eigenvalue+1:

1. (eα1 + eα2 + e−α1 + e−α2);
2. i(e1

jδ + e2
jδ − e1

−jδ − e2
−jδ) for j = 2, 4, . . .;

3. (ejδ+α1 + ejδ+α2 + e−jδ−α1 + e−jδ−α2 + ejδ−α1 + ejδ−α2 + e−jδ+α1 + e−jδ+α2) and
(ejδ+α1 + ejδ+α2 + e−jδ−α1 + e−jδ−α2 − ejδ−α1 − ejδ−α2 − e−jδ+α1 − e−jδ+α2) for
j = 2, 4, . . .;

4. (e1
jδ − e2

jδ + e1
−jδ − e2

−jδ) for j = 1, 3, . . .;
5. i(ejδ+α1 − ejδ+α2 − e−jδ−α1 + e−jδ−α2 + ejδ−α1 − ejδ−α2 − e−jδ+α1 + e−jδ+α2) and

i(ejδ+α1 − ejδ+α2 − e−jδ−α1 + e−jδ−α2 − ejδ−α1 + ejδ−α2 + e−jδ+α1 − e−jδ+α2) for
j = 1, 3, . . .;

6. i(ejδ+α1+α2 − e−jδ−α1−α2 + ejδ−α1−α2 − e−jδ+α1+α2) for j = 1, 3, . . .;
7. i(ejδ+α1+α2 − e−jδ−α1−α2 − ejδ−α1−α2 + e−jδ+α1+α2) for j = 1, 3, . . .;

(b) with eigenvalue−1:
1. c, d, (hα1 + hα2), (eα1 + eα2 − e−α1 − e−α2);
2. i(e1

jδ + e2
jδ + e1

−jδ + e2
−jδ) for j = 2, 4, . . .;

3. (ejδ+α1 + ejδ+α2 − e−jδ−α1 − e−jδ−α2 + ejδ−α1 + ejδ−α2 − e−jδ+α1 − e−jδ+α2) and
(ejδ+α1 + ejδ+α2 − e−jδ−α1 − e−jδ−α2 − ejδ−α1 − ejδ−α2 + e−jδ+α1 + e−jδ+α2) for
j = 2, 4, . . .;

4. (e1
jδ − e2

jδ − e1
−jδ + e2

−jδ) for j = 1, 3, . . .;
5. i(ejδ+α1 − ejδ+α2 + e−jδ−α1 − e−jδ−α2 + ejδ−α1 − ejδ−α2 + e−jδ+α1 − e−jδ+α2) and

i(ejδ+α1 − ejδ+α2 + e−jδ−α1 − e−jδ−α2 − ejδ−α1 + ejδ−α2 − e−jδ+α1 + e−jδ+α2) for
j = 1, 3, . . .;

6. i(ejδ+α1+α2 + e−jδ−α1−α2 + ejδ−α1−α2 + e−jδ+α1+α2) for j = 1, 3, . . .;
7. i(ejδ+α1+α2 + e−jδ−α1−α2 − ejδ−α1−α2 − e−jδ+α1+α2) for j = 1, 3, . . . .
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